Abstract. We construct a Legendrian 2-torus in the 1-jet space of S 1 × R (or of R 2 ) from a loop of Legendrian knots in the 1-jet space of R. The differential graded algebra (DGA) for the Legendrian contact homology of the torus is explicitly computed in terms of the DGA of the knot and the monodromy operator of the loop. The contact homology of the torus is shown to depend only on the chain homotopy type of the monodromy operator. The construction leads to many new examples of Legendrian knotted tori. In particular, it allows us to construct a Legendrian torus with DGA which does not admit any augmentation (linearization) but which still has non-trivial homology, as well as two Legendrian tori with isomorphic linearized contact homologies but with distinct contact homologies.
Introduction
Let M be a smooth n-manifold and consider the 1-jet space J 1 (M) = T * M × R with coordinates (x, y, z), where x ∈ M, y ∈ T * x M, and z ∈ R. The 1-form α = dz − j y j dx j is a contact 1-form and ξ = ker(α) is the standard contact structure on J 1 (M). The Reeb vector field of a contact form β is the unique vector field R β which satisfies dβ(R β , ·) = 0 and β(R β ) = 0. Hence, if α is the standard contact form then R α = ∂ z . An n-dimensional submanifold L ⊂ J 1 (M) which is everywhere tangent to ξ is called Legendrian. The isotopy problem for Legendrian submanifolds is the problem of distinguishing the path components of the space of Legendrian submanifolds. It is a very rich and interesting problem, see e.g. [3, 10, 6, 16, 17] . In [15] the related problem of detecting non-contractible loops in the space of Legendrian 1-submanifolds of J 1 (R) was studied. In this paper we relate the latter problem to the former problem for Legendrian tori in J 1 (R × S 1 ) (and in J 1 (R 2 )). The introduction of Legendrian contact homology, see [3, 11] , lead to major breakthroughs in the study of the Legendrian isotopy problem. The contact homology of a Legendrian submanifold L ⊂ J 1 (M) is the homology of a differential graded algebra (DGA) A(L) associated to L. Here A(L) is the (non-commutative) unital DGA freely generated by the Reeb chords of L (flow lines of the Reeb vector field starting and ending on L) graded by their Conley-Zhender indices. (For simplicity, throughout this paper we will work with Z 2 -coefficients so that A(L) is an algebra over a Z 2 -group ring, rather than a Z-group ring.) The differential on A(L) is defined using moduli 2000 Mathematics Subject Classification. 57R17; 53D40. TE is an Alfred P. Sloan Research Fellow, acknowledges support from NSF-grant DMS-0505076, and from the Swedish Royal Academy of Sciences, the Knut and Alice Wallenberg foundation.
spaces of boundary punctured holomorphic disks in the symplectization J 1 (M) × R with Lagrangian boundary condition L × R ⊂ J 1 (M) × R and with certain asymptotic properties near the punctures, see Subsections 2.1 and 2.2. For 1-dimensional Legendrian submanifolds of J 1 (R), the Riemann mapping theorem allows for a purely combinatorial description of contact homology, see [3] . For higher dimensional Legendrian submanifolds, analytical foundations for contact homology were worked out in [6, 8] . In [4] , a more combinatorial description was obtained: Legendrian contact homology in 1-jet spaces was described entirely in terms of Morse theoretic objects called flow trees, see Subsection 2.3.
Contact homology has certain functorial properties. In particular, each isotopy of Legendrian knots induces a Lagrangian cobordism which in turn induces a morphism of the contact homologies at its endpoints. Such morphisms induced by isotopies were dealt with from a purely combinatorial point of view in [15] . (The techniques used in this paper lead to a description of these morphisms in terms of moduli spaces of holomorphic curves in a cobordism, see [9] ).
In order to state the main theorem of the paper we first describe the underlying geometric construction. Let L ⊂ J 1 (M) be a Legendrian submanifold which is in sufficiently general position with respect to the projection Π F :
is the front of L and determines L. If γ(t), t ∈ S
1 is a 1-parameter family of Legendrian submanifolds, starting and ending at L, then (Π F (γ(t)), t) ⊂ J 0 (M × S 1 ) is the front of a Legendrian embedding L × S 1 → J 1 (M × S 1 ). We call this Legendrian embedding the trace of the isotopy and denote the corresponding Legendrian submanifold by Σ γ (L). When M = R, consider an embedding S 1 ×R → R 2 obtained by identifying S 1 × R with a small tubular neighborhood of the unit circle. Using this embedding we may consider Σ γ (L) ⊂ J 1 (S 1 × R) ⊂ J 1 (R 2 ). Theorem 1.1. Let γ(t), t ∈ S 1 be a loop of Legendrian submanifolds of J 1 (R) starting and ending at L ⊂ J 1 (R). Let A = Z 2 [H 1 (L)] c 1 , . . . , c r be the DGA of L, let |c j | denote the degree of the generator c j , and let φ : A → A be the monodromy operator associated to γ. Then the DGA of Σ γ (L) as a Legendrian submanifold of J 1 (S 1 × R) or of J 1 (R 2 ) is stable tame isomorphic to the algebra (Â, ∆), wherê
. . , c r ,ĉ 1 , . . . ,ĉ r , with |ĉ j | = |c j | + 1 for all j, and where ∆(c j ) = ∂c j , ∆(ĉ j ) = c j + φ(c j ) + Γ φ (∂c j ), with Γ φ : A →Â denoting the degree 1 derivation defined by Γ(c s ) =ĉ s and extended to all of A by Γ φ (αβ) = Γ φ (α)φ(β) + αΓ φ (β).
Theorem 1.1 is proved in Section 7. Using it, we produce examples establishing the following. Theorem 1.2. Let Y denote J 1 (S 1 × R) or J 1 (R 2 ) equipped with its standard contact form.
(a) There exists a Legendrian torus in Y with DGA which has no augmentation but which has non-zero homology. (b) There exists a Legendrian torus in Y with linearized contact homology isomorphic to the linearized contact homology of the standard torus (the standard torus is the trace of the constant isotopy of the unknot) but with full contact homology different from that of the standard torus.
Theorem 1.2 is proved in Section 8. The paper is organized as follows. In Section 2 we recall the definition of contact homology and describe how to compute it in 1-jet spaces using flow trees. In Section 3 we discuss certain slight generalizations of contact homology described in terms of perturbed flow trees. In Section 4 we explain how the differential ∂ of the DGA A of the trace of the constant isotopy can be computed in terms of perturbed flow trees which arise from a geometric perturbation of the Legendrian submanifold. This computation is however not explicit enough to yield a closed formula for ∂. In Section 5 we design an abstract perturbation for the trace of the constant isotopy which yields a closed formula for another differential ∂ ′ on the DGA A. By a result from Section 3, the DGAs (A, ∂) and (A, ∂ ′ ) are tame isomorphic. In Section 6 we discuss how to decompose an isotopy into simple pieces and how to compute the DGAs of the traces of such simple pieces. Concatenation of the pieces then yields the DGA for the full isotopy. However, the concatenation gives a DGA with an enormous number of generators. In Section 7 we show, using a purely algebraic argument, that the DGA with the large number of generators is stable tame isomorphic to the DGA in the formulation of Theorem 1.1. We also give an algebraic proof of fact that the contact homology of the trace of an isotopy depends only on the chain homotopy class of the morphism of the isotopy. In Section 8 we study examples needed to establish Theorem 1.2.
Background
In this section we give a brief description of Legendrian contact homology and of how to compute it for Legendrian submanifolds in 1-jet spaces. For details we refer to [6, 8, 4] . More precisely, the DGA associated to a Legendrian submanifold. is described in Subsections 2.1 and 2.2. In Subsection 2.3 we define flow trees and describe the relation between rigid flow trees and rigid holomorphic disks.
2.1. Holomorphic disks. Let M be a smooth n-manifold, endow J 1 (M) = T * M × R with its standard contact form, and let z be a coordinate in the R-direction. Let L be a closed Legendrian submanifold . We assume that L is sufficiently generic so that the Lagrangian projection Π C : J 1 (M) → T * M restricted to L has only transverse double points. If c is a double point of Π C (L) then we write Π 
. (Since the Reeb field of the standard contact form dz − y dx is ∂ z , there exists a 1-1 correspondence between double points of Π C (L) and Reeb chords on L and we will use these two notions interchangeably.) Let D m+k be the unit disk D in the complex plane C with punctures x 1 , . . . , x m , y 1 , . . . , y k on the boundary and let J be an almost complex structure on T * M which is tamed by the standard symplectic form ω = dx ∧ dy on T * M.
Definition 2.1. A J-holomorphic disk with positive punctures p 1 , . . . , p m and negative punctures q 1 , . . . , q k and with boundary on L, is a map u : D m+k → T * M with the following properties.
•∂ J u = du + J • du • i = 0 (where i is the complex structure on the complex plane).
• The restriction u|∂D m+k has a continuous liftũ : ∂D m+k → L ⊂ J 1 (M).
• lim ζ→x j u(ζ) = p j and lim ζ→x j ±ũ (ζ) = p ± j , where lim ζ→x j + means that ζ approaches x j from the region in ∂D m+k in the positive direction as seen from x j and lim ζ→x j − means it approaches x j from the region in the negative direction.
• lim ζ→y j u(ζ) = q j and lim ζ→y j ±ũ (ζ) = q ∓ j . In this paper we will restrict attention to holomorphic disks with exactly one positive puncture. The moduli space of holomorphic disks with boundary on L has certain compactness properties: a version of Gromov's compactness theorem holds, see [2, 5, 8] . Since the linearized∂ J -operator is elliptic and since the double points of Π C (L) are transverse, the linearization of the equation which defines the moduli space of J-holomorphic disks is a Fredholm operator and its index determines the expected dimension of the moduli space. Details of the computation of the Fredholm index can be found in [5, 8] . Here we simply state the result. Pick for each Reeb chord c of L a capping path γ c in L connecting c + to c − . Define Γ c to be the path of Lagrangian subspaces Π C (T γc L) closed up by a positive rotation. Define
where µ is the Maslov index. Given any boundary condition of a holomorphic disk with positive puncture at a and negative punctures at b 1 , . . . , b k we can close it up to a loop by adding appropriately oriented capping paths at the Reeb chords. Let A ∈ H 1 (L; Z) denote the homology class of the closed up loop and let M A (a; b 1 , . . . , b k ) denote the moduli space of holomorphic disks with positive puncture a, negative punctures at b 1 , . . . , b k , and boundary condition inducing the homology class A. Then
where Γ A is the path of Lagrangian subspaces along a loop in L representing A.
of L is the free algebra over the Z 2 -group ring of H 1 (L; Z) generated by the Reeb chords of L,
The differential ∂ : A(L) → A(L) counts rigid holomorphic disks. It is defined to be linear over the algebra coefficients and to satisfy Leibniz rule and is thus determined by its action on generators. If a is a generator then
where |M| denotes the modulo 2 number of points in the compact 0-manifold M. For this definition to make sense we require that L is generic with respect to holomorphic disks so that all moduli spaces of holomorphic disks of dimension ≤ 1 are transversely cut out. It is shown in [5, 7] how to achieve such transversality by perturbing L. In these papers it is also shown that ∂ : A(L) → A(L) is a differential (i.e., ∂ 2 = 0) and that the contact homology ker(∂)/ Im(∂) is invariant under Legendrian isotopies.
Remark 2.2. In the case that L is a spin manifold and M is orientable one can lift the DGA over Z 2 [H 1 (L; Z)] described above to a DGA over Z[H 1 (L; Z)]. In this paper we will, as mentioned in Section 1, concentrate on the Z 2 -case. This is mainly for simplicity, the results of the paper have straightforward generalizations to the more general setting of Z-coefficients.
Flow trees.
We refer to [4] for the detailed definitions of flow trees and only sketch the main points here. Let L ⊂ J 1 (M) be a Legendrian submanifold. Locally around points outside a codimension one subset of M, the image of L under the front projection Π F :
can be described as the graph of a finite number of functions. If M is equipped with a Riemannian metric then these local functions define local gradients. We say that a curve γ(t) in M is a flow line of L if it satisfies the differential equatioṅ
where f 1 and f 2 are local functions of L. Any flow line has a natural 1-jet lift, which consists of two curves in L lying over γ. These curves are naturally oriented by the lifts of the vectors −∇(f 1 − f 2 ) and −∇(f 2 − f 1 ) to the sheets corresponding to f 1 and f 2 , respectively. Projecting the 1-jet lift to the cotangent bundle we get the cotangent lift.
where Γ is a source-tree which satisfies the following conditions.
(a) If e is an edge of Γ then φ : e → M is an injective parametrization of a flow line of L. (b) Let v be a k-valent vertex with cyclically ordered adjacent edges e 1 , . . . , e k . Let {φ 1 j ,φ 2 j } be the cotangent lift corresponding to e j , 1 ≤ j ≤ k. We require that there exists a pairing of lift components such that for every 1 ≤ j ≤ k (with
and such that the flow orientation ofφ We require that this curve is closed.
For simpler notation we will often denote flow trees simply by Γ, suppressing the parametrization map φ from the notation. We will also writeΓ andΓ for the cotangent and the 1-jet lifts of Γ, respectively.
We next define punctures of a flow tree Γ. Let v be a k-valent vertex of Γ with cyclically ordered edges e 1 , . . . , e k . Consider two paired cotangent liftsφ (v) then both must equal Reeb chord endpoints. If this is the case then we say that v contains a puncture after e j . It is shown in [4] that any flow tree with a vertex v which contains more than one puncture is a union of flow trees such that every vertex of each one of them contains at most one puncture. Thus we may restrict attention to flow trees with at most one puncture at each vertex and we call such a vertex a puncture of the tree.
Let p be a puncture of a flow tree. Letφ 1 andφ 2 be the 1-jet lifts which map to the Reeb chord at p, with notation chosen so thatφ 1 is oriented towardφ 1 (p) andφ 2 oriented away fromφ 2 (p). Then we say that p is a positive puncture if
and we say it is negative is the opposite inequality holds. (Recall, z is the coordinate in the R-direction of
Using the symplectic area of a flow tree it is not hard to show that every flow tree Γ in M has at least one positive puncture. If q is a puncture of a flow tree then q corresponds to some Reeb chord of L which in turn corresponds to a critical point of some local function difference of L. If L is generic then the Hessian at this critical point is non-degenerate. Let I(q) denote the index of the critical point of the positive function difference corresponding to the Reeb chord.
As for holomorphic disks there is a simple dimension formula for flow trees which computes the expected dimension of the space of flow trees with 1-jet lift homotopic to that of the given tree. For trees with exactly one positive puncture this formula reads
where p is the positive puncture of Γ, Q(Γ) its set of negative punctures, R(Γ) its set of vertices which are not punctures, and µ(r) is the Maslov content of r, see [4, Section 3.1.1]. Viewing the 1-jet lift as a boundary condition for a holomorphic disk the dimension formula just stated agrees with the dimension formula for holomorphic disks. In fact for rigid disks and trees more is true as the following theorem shows. (See [4, Theorem 1.1] for a more general version.)
is a Legendrian submanifold of dimension ≤ 2 then there is a generic complex structure J on T * M such that there is a 1-1 correspondence between rigid J-holomorphic disks with boundary on L and rigid flow trees determined by L.
This theorem has the consequence that one may replace holomorphic disks in the definition of Legendrian contact homology differential with flow trees. We will often do so below.
We will sometimes talk about convergence of flow trees. When doing so we employ the following topology on the space of flow trees. Let Γ be a flow tree with one positive puncture p 0 . Orient Γ by declaring any edge starting at p 0 to be oriented away from p 0 and by requiring that at each vertex different from p 0 there is exactly one edge oriented toward it. We will associate a planar domain ∆ Γ to Γ as follows. For each 1-valent vertex different from p 0 and for each puncture different from p 0 pick a half infinite strip of width 1. For each vertex where such edges begin, pick a strip of width which equals the sum of the widths of the edges going out from it and of length agreeing with the natural flow length of the edge coming in to that vertex. Gluing the half strips to the strip, we obtain a half strip domain of finite width with slits toward +∞. (Here we consider the half strip of a negative puncture at a vertex of valence ≥ 2 as outgoing from that vertex.) Continuing inductively in this way we get a strip domain with slits toward +∞ and where −∞ corresponds to p 0 . This domain ∆ Γ is determined up to over all translation of the slits. Thus the conformal structure on ∆ Γ thought of as a disk with boundary punctures is uniquely determined by Γ.
Note that the cotangent lift of Γ is naturally defined as a map from the boundary ∂∆ Γ to Π C (L). Consider the bundle of mapping spaces of maps from the boundary of a punctured disk into Π C (L) over the space of conformal structures on the disk with m punctures, endowed with the C 0 -topology. We topologize the space of flow trees by giving it the subspace topology with respect to this topology on the bundle of mapping spaces.
Generalizations of Legendrian contact homology
In this section, we generalize Legendrian contact homology slightly. The first generalization concerns a special kind of non-closed Legendrian submanifolds which can be concatenated in a natural way, see Subsection 3.2. The second generalization, see Subsections 3.3 and 3.4, concerns stabilization of Legendrian submanifolds. It is more elaborate than the first and is inspired by Morse-Bott techniques for contact homology, see [1] , as well as so called abstract perturbations, see [12, 13, 14] .
3.1. Holomorphic disks and flow trees of 1-dimensional Legendrian submanifolds. Let L ⊂ J 1 (R) be a Legendrian submanifold. Using the Riemann mapping theorem, moduli-spaces of holomorphic disks with boundary on L can be understood geometrically as follows. The Reeb chords of the diagram correspond to double point of the Lagrangian projection Π C : J 1 (R) → T * R ≈ C and a holomorphic disk to an ordinary holomorphic disk with boundary on the knot diagram and such that at the positive puncture the incoming strand of the disk is upper and at a negative puncture the incoming strand is lower. Proof. Let Γ be a tree. Joining corresponding points on the cotangent lift of Γ by straight lines in the fibers of T * R, we obtain a map of a disk with branch points on the boundary. By the Riemann mapping theorem it admits a holomorphic parametrization. Conversely, any holomorphic disk without interior branch points gives flow lines joined at branch points. That is, a flow tree with higher valence vertices corresponding to branch points. Thus there is a natural bijection between F and M as sets. We then need only show that the map M → F is continuous and open. This however is straightforward: a holomorphic disk is determined by the location of its branch points, varying these give an open subset in the space of trees. Finally, it is clear that the subset of the compactified moduli space of holomorphic disks which consists of (broken) disks without interior branch points is closed. Being a closed subset of a compact space it is compact as well. Proof. This holds for the compactified moduli space of holomorphic disks. The corollary thus follows from Lemma 3.1.
Remark 3.3. In order to see the relation between M and M ′ , note that any disk with a interior branch points can be connected to a disk of the same dimension with all its branch points on the boundary by pushing the branch points. For example, a second order branch point which is pushed to the boundary becomes a third order boundary branch point which splits into two ordinary boundary branch points. A local model can be obtained as follows. Consider the map f (z) = z 2 with domain Ω bounded by the curve {2xy = −ǫ, x > 0}, ǫ > 0, and containing the coordinate axes. Note that f maps ∂Ω to the line y = −ǫ and that it has a branch point at 0. To see what happens as the branch point approaches the boundary we let ǫ → 0. In the limit f becomes a map f 0 from the complement of the open fourth quadrant of the complex plane. Consider the map z(w) = w 3/2 , taking the upper half plane to the domain of f 0 . Then the map f 0 (z(w)) looks like w → w 3 near the origin and the 2-parameter family continues as
Note that the Reeb chords ofL[κ, τ ] correspond to the Reeb chords of L, lying in the 
, where γ ± are some Legendrian embeddings of L ± . We say that f (M) is a Legendrian embedding with standard ends.
If Proof. As in [7] , projection to the (x 0 + iy 0 )-line in combination with the maximum principle establishes the first and third statements. The second then follows from the standard proof of Gromov compactness, see e.g. [5] .
We have the corresponding statement for flow trees.
Lemma 3.5. Any flow tree of F (M) of finite symplectic area is contained in the region |x 0 | ≤ 1 and any flow tree with its positive puncture at x 0 = ±1 stays entirely in this slice. Moreover, there is a 1 − 1 correspondence between on the one hand rigid holomorphic disks with boundary on F (M ), and on the other rigid flow trees determined by F (M) and rigid flow trees of L ± in slices.
Proof. The statements about flow trees follows from the fact that all gradient differences in the slices x 0 = ±1 have trivial x 0 -component. The second statement follows from a slight modification of the proof of [4, Theorem 1.1], which consists of two parts: convergence of holomorphic disks to flow trees and construction of holomorphic disks near rigid flow trees. The convergence part of the proof holds without change in this more general setting. The construction part can be subdivided into two parts: for trees not in the slices x 0 = ±1 the proof from [4] applies. For trees in slices x 0 = ±1 we apply the proof from [4] to L ± thought of as lying in the slice. Lemma 3.4 implies that the contact homology of F (M ) is well defined. (Here we restrict attention to Legendrian isotopies in the class of Legendrian submanifolds with standard ends). Lemma 3.5 implies that we can compute it using flow trees instead of holomorphic disks. We then define the contact homology of f :
is a Legendrian submanifold with standard ends and if one of the ends of (f 0 , M 0 ) agrees with an end of (f 1 , M 1 ) then the two Legendrian embeddings can be joined to a Legendrian embedding f 01 of the manifold M 01 obtained by joining M 0 and M 1 along their common boundary. The contact homology differential of the join is determined in a straightforward way by the contact homology differentials of its pieces.
3.3. Generalized flow trees. In this subsection we introduce the notion of generalized flow trees for the product of a given Legendrian submanifold L ⊂ J 1 (R) and a manifold with boundary equipped with a Morse function. In the present paper we will apply this construction only in the case when the auxiliary manifold factor is an interval or a 2-disk.
Let N be a manifold with boundary ∂N. We will use Morse functions β : N → R of the following form. The restriction β ∂ = β|∂N is a Morse function on ∂N and there is a collar neighborhood ∂N × [0, ǫ) of ∂N in N where β(x, t) = β ∂ (x) + kt 2 , where (x, t) ∈ ∂N × [0, ǫ) and where k > 0 is a constant. We call a Morse function of this type boundary adjusted.
Consider the Legendrian submanifold
The Reeb chords of this Legendrian submanifold come in N-families, one for each Reeb chord of L. We denote the manifold of Reeb chords corresponding to the Reeb chord c by N c . Choose a boundary adjusted Morse function β c : N c → R for each Reeb chord manifold N c . Endow N with a Riemannian metric g which has the following form in the collar neighborhood of the boundary
for (x, t) ∈ ∂N × [0, ǫ), where g ∂ is a Riemannian metric on ∂N.
A flow line γ in a Reeb chord manifold N c is an oriented segment which can be parametrized in an orientation preserving manner by a solution to the gradient equatioṅ
where the gradient is defined using the Riemannian metric g of (3.1). Note that a gradient line which starts in ∂N c stays in ∂N c and that a gradient line which starts in N c − ∂N c can hit ∂N c only at a critical point in the boundary.
In order to define the notion of a generalized tree we first introduce some preliminary concepts. If Γ is a flow tree of L and if q 0 ∈ N then we let Γ q 0 denote this flow tree considered as a flow tree of L × N and lying in the slice {(q, x) ∈ N × R : q = q 0 }. We call Γ q 0 a slice tree. A level is a finite collection Θ = {Γ q 1 , . . . , Γ qr } of (unbroken) slice trees. A connector is a finite collection of flow lines θ = {γ 1 , . . . , γ k } in Reeb chord manifolds, where we allow also flow lines of length 0.
A generalized flow tree with k levels is an ordered collection (Θ 1 , . . . , Θ k ) of levels together with an ordered collection (θ 0 , . . . , θ k ) of connectors which have the following properties.
• The connector θ 0 consists of exactly one flow line in N a emanating at a critical point p 0 ∈ N a of β a for some Reeb chord a and ending at q 0 ∈ N a . If k = 0 then q 0 is a critical point of β α as well, if k > 0 then q 0 is not a critical point. Let p 1 = q 0 .
• The level Θ 1 consists of exactly one slice tree Γ p 1 with positive puncture at a. • Let q ∈ N c be a point where some flow line γ in a connector θ s , s = 0, 1, . . . , k ends. Then if there is no level tree Γ q in Θ s+1 with positive puncture matching the Reeb chord c then q is a critical point of β c .
If G is a generalized flow tree as just described then we say that G has positive puncture at the critical point of a j ∈ N a of β a and negative punctures at all negative punctures of slice trees in Θ j where no flow line in θ j begins (these are critical points b t s ∈ N bs ) and at the critical points b t s ∈ N bs where some flow lines in some θ l , 1 ≤ l ≤ k, ends. Any generalized flow tree has natural 1-jet and cotangent lifts. Adding suitably oriented capping paths at the punctures to the projection of the 1-jet lift of G to J 1 (R) we get a homology class A ∈ H 1 (L; Z). We write G A (a j ; b
for the space of such generalized trees.
As for flow trees we associate a planar domain and a map of its boundary into T * R 2 to any generalized flow tree. Using the map from the boundary of the planar domain we may endow the set of generalized flow trees with a topology. It is a straightforward consequence of the compactness properties of flow trees, see Lemma 3.2, that also the space of generalized flow trees has a natural compactification consisting of broken generalized flow trees. We denote the space of generalized flow trees by G and its compactification G. • v(Γ, n) ∈ T n N and v(Γ, n) is tangent to ∂N for n ∈ ∂N.
• By scaling lengths, we think of the source S 1 of v(Γ, n) as the cotangent liftΓ of Γ (with resolved self intersections). We require v to be constant in neighborhoods of the punctures ofΓ and equal to zero near the positive puncture. Consider a broken tree Γ containing a broken tree Γ ′′ . Let Γ ′ denote the broken tree obtained by removing Γ ′′ from Γ and assume that Γ ′′ is attached to Γ ′ at a point y in its cotangent lift. Then we require that for x ∈ Γ ′′ the following join equation holds
We call a function v :
The definition of a perturbed flow tree is analogous to that of a generalized flow tree. Fix a perturbation function v. If Γ is a flow tree of L and if q ∈ N then recall that Γ q was used to denote the slice tree corresponding to Γ. Think Γ q as a map Γ q = (Γ R , q) : S 1 → R × N where S 1 is the cotangent lift of Γ and the map (Γ R (t), q) equals the natural map into T * R × T * N followed by projection to R × N. We letΓ q denote the following map
where exp denotes the exponential map in a Riemannian metric of the form given in (3.1). We callΓ q a perturbed slice tree and if x is a negative puncture of Γ then we write e(q, x) = exp q (v(Γ, q)(x)). A perturbed level is a finite collectionΘ = {Γ q 1 , . . . ,Γ qr } of (unbroken) perturbed slice trees. A connector is a finite collection of flow lines θ = {γ 1 , . . . , γ k } in Reeb chord manifolds, where we allow also flow lines of length 0.
A perturbed flow tree with k levels is an ordered collection (Θ 1 , . . . ,Θ k ) of levels together with an ordered collection (θ 0 , . . . , θ k ) of connectors which have the following properties.
• The connector θ 0 consists of exactly one flow line in N a emanating at a critical point p 0 ∈ N a of β a for some a ∈ R(L) and ending at q 0 ∈ N a . If k = 0 then q 0 is a critical point of β α as well, if k > 0 then q 0 is not a critical point. Let
• The levelΘ 1 consists of exactly one slice treeΓ p 1 with positive puncture at a. Given a perturbation function and Morse functions on all Reeb chord manifolds we associate a contact homology algebra with a differential to the Legendrian submanifold
-algebra generated by critical points of the Morse functions β c , for Reeb chords c and the differential ∂ p : A → A counts rigid perturbed flow trees. More precisely it satisfies Leibniz rule and is defined as follows on generators,
Lemma 3.7. For generic sufficiently small perturbations and Morse functions β c , the moduli space of perturbed flow trees of formal dimension ≤ 1 are transversely cut out. Consequently, ∂ p is a differential i.e. ∂ Proof. This follows since the slice trees are transversely cut out and hence the only degeneration possible is when some incidence equation (involving the perturbation function and stable/unstable manifolds of the Morse functions) has non-transverse solutions.
Thus, for s which is not a (−1)-tree instance, we get an induced differential ∂ s on A(L × I) by counting rigid perturbed trees.
Remark 3.9. We note that the appearance of a (−1)-tree as in Lemma 3.8 implies that many of the perturbed flow trees of formal dimension 0 are in fact appearing in higher dimensional families. These are obtained from rigid flow trees with some negative punctures at the positive puncture of the (−1)-disk by gluing. One way to relate the differentials is to study the details of how such families split as the deformation variable changes. Below we will however use a less explicit but technically simpler method.
To show that the DGAs (A(L × I), ∂ 0 ) and (A(L × I), ∂ 1 ) are tame isomorphic, we use a stabilization argument which is very close to the argument given in [7, Section 4.3] . Consider first the 1-parameter family of moduli spaces G 
where Ωǫ = mα, where α is the word of negative punctures of the (−1)-disk multiplied by the homology class of its boundary condition, where m ∈ Z 2 , and where O(1) denotes words which contain at least onec-variable.
Proof. The first two equations follow from the nature of the metric and the Morse function near the boundary. The second property follows from a limiting argument where we let the disk limit to the middle family containing the (−1)-disk. Any rigid disk must limit to a disk of formal dimension 0. All such disks which are not the (−1)-disk have at least one negative puncture at ac variable.
Corollary 3.11. There exists a tame isomorphism between the algebras (A, ∂ 0 ) and (A, ∂ 1 ).
Proof. This follows from the fact that ∆ 2 = 0 in combination with (3.3). The details of the proof are found in [6, Lemma 4.21].
Geometric perturbations of the trace of the constant isotopy
In this section we study the contact homology of Legendrian submanifolds which are traces of constant isotopies. We show that the contact homology differential can be expressed in terms of perturbed flow trees in this case. To get a more detailed understanding of the contact homology of L×I we will choose very specific perturbations. More precisely, we will design perturbations in four steps as follows. The goal of this perturbation process is to obtain a description of the rigid trees needed to compute the contact homology of L × I in terms of perturbed flow trees of L × I.
Steps (1) - (3) are straightforward to describe and are the subject of Subsection 4.2.
Step (4) is more involved. It uses generalized flow trees, introduced in Subsection 3.3, and will be completed in Subsection 4.4.
Standard ends and isolated Reeb chords.
In coordinates (x 0 , y 0 , x 1 , y 1 , z) on J 1 (R 2 ) = T * R 2 × R, the unperturbed trace of the constant isotopy is then given by 
The Reeb chords of A ), φ and all its derivatives vanish at [ δ and equals 1 on
Consider the pull-back ofξ to N(M c ) and note that it extends constantly to all of L × I. Denote the extension ξ. Write
where A
η (q, t) is as in (4.1). The function φ depends only on the x 0 -coordinate and the function ξ only on the x 1 coordinate. Denote their respective derivatives byφ anḋ ξ. Define the Legendrian embedding
If γ is a flow line of a Legendrian submanifold H ⊂ J 1 (M) write γ + and γ − for the 1-jet lift of γ with the larger-and smaller z-coordinate, respectively. Proof. This follows from the choice of φ together with the fact that the x 0 -component of ∇ξ is everywhere 0.
Consider
Step (3) . In order to make Reeb chords of L × I isolated we fix functions
, 1] after projection to the x 0 -line. Choose β c so that it has non-degenerate minima at ±1, a non-degenerate maximum with value 0 close to x 1 = 0, and no other critical points. We assume moreover that the x 0 -coordinates of the maxima of β c and β c ′ are different if c = c ′ . Furthermore let ξ be a function just like ξ discussed above but replacing δ by δ 100 and let α = 1 − ξ. We pull back the functions β c to neighborhoods N(M ± c ) of the form describe above. Cutting these pull backs off with α, we find that the function α c β c extends in an obvious way to all of L × I. We denote the extension αβ. Similarly, the functionsαβ =α c β c and αβ = α cβ c may be considered as functions on all of
where
η (q, t) has isolated Reeb chords as claimed in (3) above.
4.3.
Rough and fine scales -limits on the rough scale. As mentioned, we will consider the details of
Step (4), where we introduce our final perturbation of L × I resulting in a Legendrian embedding
In this subsection we will use rough properties of the perturbation of A (4) η in order to derive rough results. More precisely, the property we use is the following.
• A In order to describe rigid flow trees of A (4) η (L×I), we consider convergence of such trees on two scales. On the rougher scale the important part of any flow trees concentrates in x 0 -slices. This is fairly independent of the details of the perturbations in Step (4). However, around such a slice of concentration we then re-scale the x 0 -coordinate by η −1 and study the corresponding microscopic limit as well. It is on this fine scale that the details of the perturbation in Step (4) manifest themselves. 
η (L × I) will be generic with respect to rigid flow trees for all sufficiently small η > 0 and its rigid flow trees will admit a description in terms of generalized flow trees with auxiliary data. In fact, we will first perturb A As with generalized flow trees it is convenient to organize such a product of moduli spaces into levels, where M 1 is the first level and all moduli spaces with positive puncture paired with a negative puncture of M 1 constitute the second level, and, in general, all moduli spaces with positive puncture paired with a negative puncture of a moduli space of level j constitute the (j + 1) th level. In this way M is a naturally stratified space (a manifold with boundary with corners endowed with a Kuranishi structure, see [12] for this notion). We will associate a (d + 1)-dimensional stratified space of (partial) generalized flow trees to M. We call this space P = P(a; b 1 , . . . , b k ). It is constructed from strata of M exactly as the space of generalized flow trees except that gradient lines need not be complete, as follows. Consider first the top-dimensional stratum. We associate to this stratum the space P 0 which consists of trees Γ t in M(a; b 1 , . . . , b k ) viewed as a tree in a slice, t ∈ [τ − δ, τ + δ]. This is a (d + 1)-dimensional space: d dimensions for the tree and one dimension for the slice. Consider next a stratum S with k levels L 1 , . . . , L k . We associate a (d + 1)-dimensional space P S of partial generalized trees to this stratum as follows. First consider the tree in L 1 as a slice tree Γ t . For each negative puncture of Γ t which matches a positive puncture of some tree in M 2 , pick an oriented flow segment of the corresponding Reeb chord manifold and let the tree in the second level have its positive puncture where this flow line ends and continue in this way until M k is reached. It follows from (4.4) that the dimension of P S equals (d + 1). Moreover, the spaces constructed fits together in an obvious way to a (d + 1)-dimensional space which is our space P. In a sense it is a resolution of M.
Our next objective is to define an evaluation map
where F labels a specific perturbation of the Legendrian L×I. This map is constructed inductively. The starting point for the construction is the observation that it is easy to reconstruct actual flow trees of A Conversely, given a tree Γ ′ in a slice, we can integrate it to a tree on F (L×I) for small η. The integration procedure is inductive and amounts to solving the gradient equation corresponding to the perturbation F along the edges of the tree. For the x 1 -component of the edge this results simply in a re-parametrization and the x 0 -component becomes non-constant along the edge. To extend the integration over the entire tree we start integrating along the edge (edges) emanating from the positive puncture of the tree with the initial condition given by the x 0 -coordinate of the slice of Γ ′ and follow the flow orientation. Inductively, the result of integrations along edges closer to the positive puncture in the tree give initial conditions for the integrations along outgoing edges at any vertex in the tree. If Γ ′ ∈ M(a; b 1 , . . . , b k ), if the punctures of Γ are p 0 , p 1 , . . . , p k with p 0 the positive puncture, and if Γ ′ is considered a tree in a slice with x 0 -coordinate α, then we write ι(p 0 , p j ) ∈ M b j for the result of integration along Γ ′ at the negative puncture p j with initial condition given by the x 0 -coordinate at the positive puncture p 0 .
Let Γ ∈ P(a; b 1 , . . . , b k ) be a partial generalized flow tree with levels (Γ Continuing inductively in this way over all the levels we get for each negative puncture p j of Γ, which is a negative puncture q r of some level tree in Γ with positive puncture q 0 , a point ι
Let b be a Reeb chord, let τ = x 0 (b), and let p 0 , p 1 , . . . , p k denote the punctures of Γ ∈ P(a; b 1 , . . . , b k ). Let J = {p j 1 , . . . , p js } be a subset of the punctures of Γ. Consider the subvariety
We show next that there are small perturbations F of A (2) η such that ev F is transverse to Σ J,τ for all small η > 0. We will write ev F J for the evaluation map ev F composed with the projection to Π p j ∈J M b j (i.e. to the product of the factors corresponding to punctures in J).
We start with the following preliminary lemma concerning a general fact about flow trees with only one positive puncture. Proof. We label a sheet by its corresponding local function. As mentioned above, each edge in a tree with one positive puncture is naturally oriented by using the negative gradient flow of the local function difference which is positive and with this convention exactly one edge at each vertex is oriented toward it (incoming flow line), all other away from it (outgoing flow lines).
Assume that some sheet, f 1 say, contains lifts of more than two flow lines. As the 1-jet lift is an oriented curve there must exist at least two lifts which are oriented away fromṽ. By the definition of a flow tree there must exist matching edges oriented towardṽ and at most one of these can be a lift of the incoming edge. The remaining one must come from an outgoing edge which thus is a flow between f 2 and f 1 where f 2 > f 1 . Continuing this argument with the matching lift of the 1-jet lift segment in f 2 etc, we find that the tree has at least two incoming edges at v since there are only finitely many sheets. This contradiction establishes the lemma.
Next we derive certain injectivity properties of flow trees of A Proof. Consider an arc in one of the sheets. It is a consequence of Lemma 4.5 that there is one incoming and one outgoing flow in this sheet. The genericity condition on L implies that the flows of the corresponding gradients intersect only at a discrete set of points.
In order to establish the desired transversality, we will work with a re-scaled version of the map ev
where |J| denotes the cardinality of J. Here we will take η → 0, and apply the SardSmale theorem. Let F be the space of perturbations of L × I as described. (To get a hold of this space we can think of it as of the space of all functions on L × I supported outside a neighborhood of the M c .) The evaluation map discussed above then gives a map
with a re-scaling s η [ev J ] analogous to that defined above. Consider the j th puncture q j mapping to τ ∈ M b . Assume for definiteness that τ < 0. Start at q j and follow Γ in the direction opposite to the flow orientation. Then we meet a first edge e which leaves the region N(M b ) around M b where no perturbation is supported. Perturb this edge near the entrance point of N(M b ) by deforming the Legendrian submanifold. We claim that if the region N(M b ) is chosen small enough then the only negative puncture in Γ which appears after the edge e in the flow orientation and which map to τ ∈ M b is q j . To see this, we use the fact that the distance between any two negative punctures in a tree is uniformly bounded from below, see Lemma 5.1 below, to conclude that to get to a negative puncture after q j , we must follow some edge which leaves N(M b ) and in such a region, integration along any edge induces a strict decrease the x 0 -coordinate. Thus, the x 0 -coordinate is smaller than τ at any later puncture.
Consider next punctures q r which appear after q j , maps to τ ∈ M b but lies on a lower level tree. For such punctures we can remove the corresponding components of ∂ r which the already introduced perturbation gives rise to by varying the length of the attaching flow line.
Finally we must deal with punctures connected to e only via vertices above e. (The perturbation could effect such a vertex.) Consider the vertices connected to e by an edge attached as close to e as possible. These vertices lie above the perturbation region in e. After Lemma 4.6, we know that Γ has injective points in this region and it is therefore easy to compensate for the shifts induced by earlier perturbations. Using an obvious induction we take care of all punctures in the tree above q j . (Note that all perturbations needed for these additional punctures appear off the main stem connecting q j to the positive puncture and at x 0 -levels above that of e.) η , (ev
where ev
Proof. This is a standard application of the Sard-Smale theorem.
We next specialize to the situation of most importance to us. Consider a compactified moduli space M(a; b 1 , . . . , b k ) of flow trees on L of dimension d and with at least m ≥ d negative punctures mapping to b (i.e. b j = b for at least d indices j). Consider the corresponding space P = P(a; b 1 , . . . , b k ) and let J be a subset of the punctures of trees in P mapping to M b of cardinality |J| = d. Note that the map s η [ev 
where F is of size O(η), is bounded. Hence it is compact. Thus, Corollary 4.8 implies that, for generic F , ev 
where M d j is a moduli space of dimension d j ≥ 0 and where We fix a choice of such an F and perform also the perturbations of size O(η 2 ) along the Reeb chord manifolds which were used to obtain A (3) from A (2) in Subsection 4.
Thus if ev

Denote the resulting Legendrian embedding
. We next give a description of the rigid flow trees of A (4) η (L × I) for small η > 0. Consider a generalized flow tree G ∈ P(a; b 1 , . . . , b s ) on L × I. A complete slice S of G is a collection of slice trees of G of the following form.
• There is one slice tree Γ 0 in S which lies on a level above (i.e. a level of lower numbering than) all other slice trees in S.
• The positive puncture of Γ 0 is either the positive puncture of G or connected to a negative puncture of some other slice tree in G by a flow line of length > 0.
• Every slice tree in S of level k which is lower than the level of the top slicetree Γ 0 is connected at its positive puncture via a flow line of length 0 to the negative puncture of some slice tree in S of level k − 1. Thus, a complete slice S is a (possibly broken) tree in a level lying in some compactified moduli space M S = M(e; c 1 , . . . , c k ). If the complete slice S lies in the x 0 -slice ofĉ where c = c j for one of the negative punctures c j , then E (4) η (L × I) and, on the other, the union over all potentially rigid generalized flow trees G of the product sets
where S G j , j = 1, . . . , k, are the complete slices of G. Proof. Let G be a potentially rigid generalized flow tree and let F denote the perturbation of A (2) η discussed above. A point in the product
corresponds to k complete slices of G each of which give a transverse solution to an equation s η [ev η from F we make a perturbation of size O(η 2 ) in a small neighborhood of the manifoldsM c . The evaluation map is re-scaled by η −1 . After this re-scaling, the perturbation from F to A (4) η is a standard perturbation out of a Morse-Bott situation into a Morse situation. In particular, flow lines before the perturbation with evaluation map transversely equal to the location of the maximum corresponds in a 1 − 1 fashion to flow lines after the perturbation ending at the created maximum. We conclude that for η > 0 sufficiently close to 0, any point in the product gives rise to a collection of partial flow trees with one negative puncture at aĉ for each negative puncture which maps to x 0 (ĉ) by the evaluation map.
We show that these pieces can be glued in a unique way to a rigid flow tree of A (4) η (L × I). This is straightforward: by the definition of complete slice, all complete slices are connected to other complete slices by flow lines of length bounded from below. In order to glue the pieces, we thus need only make sure that the gluing problem for the flow lines of β c connecting the negative puncture at a complete slice of an above level to a complete slice in level below has a unique solution. Consider first the case when the critical point is a maximum. Since the Morse-Bott perturbation is of size O(η 2 ), a change in the tree of the higher level near the negative puncture of size O(η 2 ) produces a finite change in the level of the outgoing flow line. Since the solution to s η [ev In order to finish the proof it remains only to check that any sequence of rigid trees of A (4) η (L × I) converges to a potentially rigid generalized tree and gives a solution to the evaluation condition of (4.5). The fact that it converges to a potentially rigid tree is an easy consequence of Lemma 4.3. Re-scaling by η −1 takes us as mentioned above to a standard Morse-Bott situation near the Reeb chord manifolds and it follows that any sequence of trees give a solution.
We call the product of 0-dimensional manifolds as in (4.5) incidence spaces. Thus, the conclusion of Lemma 4.10, is that the contact homology differential of A (4) η (L × I), for η > 0 sufficiently small, admits a description in terms of generalized flow trees and their corresponding incidence spaces. Although this is a rather nice geometric description, algebraically, it is in general messy. Moreover, even geometrically it is not very explicit: it is, in general, difficult to determine the incidence numbers since they require exact knowledge of moduli spaces of flow trees on L of arbitrary dimension. (For a fixed knot L this is less of a problem since any L admits a presentation in which there are no disks with multiple negative punctures and for such knots the description of the algebra is straightforward.) However, we need to deal with one parameter families of knots, and want the algebra as simple as possible and as we shall see, there is an algebraically much preferable description of an algebra which is stable tame isomorphic to the one discussed above. This algebra arises from abstract perturbations and is related to the one above directly through its description in terms of generalized flow trees and incidence spaces. For this reason we note the following. 
Abstract perturbations and contact homology computations
In this section we design a perturbation for the trace of the constant isotopy which leads to a simple differential.
5.1.
A perturbation function. Let Γ be a flow tree on L ⊂ J 1 (R). Note that the cotangent lift of Γ is naturally by a map of a circle S Γ with metric induced by the parametrization and with ordered marked points p 0 , p 1 , . . . , p k at the punctures of Γ. (Here p 0 corresponds to the positive puncture.) We will associate to Γ a function φ Γ : S Γ → R such that φ Γ ≥ 0 and such that
Furthermore, the functions φ Γ will vary continuously with Γ in the moduli space of flow trees on L. In order to get a common source circle for all the maps φ Γ , we scale all cotangent lift circles S Γ so that they have length 2π and view Γ → φ Γ as a map
, where M is the compactified moduli space of trees of L and where k ≥ 1. Before discussing these functions we prove a preliminary lemma.
Lemma 5.1. There exists a constant C > 0 such that for any flow tree Γ of L with one positive puncture, the distance in S Γ between any two punctures is bounded below by C.
Proof. Let c be a Reeb chord of L. The only Reeb chord in a neighborhood of c is c itself. For area reasons, if c is the positive puncture of a tree then it cannot also appear as a negative puncture in that tree. Thus it suffices to consider two neighboring negative punctures in a tree Γ which both map to c. Consider the 1-jet liftΓ of Γ. Since the path ofΓ which connects the punctures is incoming at one of them and outgoing at the other, it connects the top endpoint of c to the bottom endpoint of c and thus its length is bounded from below.
Assume that L ⊂ J 1 (R) is sufficiently generic so that the lengths of all its Reeb chords are pairwise distinct. Let the lengths be
It follows by Stokes theorem that there exists
) such that no flow tree with one positive puncture has more than M negative punctures, and that there exists
) such that no broken tree has more than K levels. Choose a function h : R → R, h > 0, such that for every j = 1, . . . , r
We will define the map M → C k (S 1 , R) in an inductive manner using the area filtration of M. In the first step we define the map on the moduli space of flow trees of smallest area. In later steps we define the map on the compactification of the moduli space of trees of higher areas assuming that the map is already defined for all moduli spaces of trees of smaller area. Since the compactification of a moduli space of trees of a given area consists of broken trees with pieces of smaller areas, the map has a natural definition on the boundary of the moduli space and we show how to extend it to the interior.
Let Γ be a flow tree. We say that a smooth function φ Γ : S Γ → R is stretching if the following holds
• If Γ has one or zero negative punctures, then φ Γ = 0.
• If Γ has r > 1 negative punctures and if l is the length of its positive Reeb chord, then φ Γ (p 0 ) = φ Γ (p r ) = 0, φ Γ increases monotonically as we move along the circle in the negative direction from the point midway between p r and p r−1 to the point q midway between p 1 and p 0 , φ Γ decreases monotonically between q and the point midway between q and p 0 and then it is constant. Furthermore, 
We define the common ancestor A Γ (q, q ′ ) of two negative punctures q, q ′ in the broken tree Γ as an unbroken subtree of Γ, inductively, in the following way. If both q and q ′ are negative punctures of the same unbroken tree Γ t j then we take A(q, q ′ ) = Γ t j . If q and q ′ lie on different levels l(q) and l(q ′ ) with l(q) < l(q ′ ), say, then we take
where q ′′ is the negative puncture of the tree of level l(q ′ ) − 1 where the positive puncture of the tree of q ′ is attached and where Γ ′ is the broken tree obtained from Γ by cutting at q ′′ . If q and q ′ lie on the same level but not in the same tree then we take
, where p and p ′ are the negative punctures in the trees of level l(q) − 1 = l(q ′ ) − 1 where the positive punctures of the trees of q and q ′ , respectively, are attached, and where Γ ′ is the broken tree obtained from Γ by cutting at p and at p ′ . Let p 0 , p 1 , . . . , p r denote the punctures of a broken tree Γ as in (5.1) .
where L is the number of levels in Γ and where l(p t , p t+1 ) is the length of the Reeb chord of the positive puncture in A Γ (p t , p t+1 ).
Proof. We use induction. For trees of only one level this is immediate. Assume next that it holds for all broken trees of L − 1 levels and consider attaching an L th level to an (L − 1)-level broken tree Γ ′ to form a L-level tree Γ. The only point that needs to be checked is that if q is the first negative puncture in a tree ∆ of level L and if p is the negative puncture in Γ preceding it in Γ, then
Note that either p = p ′ where p ′ lies in a tree of level at most L − 1 or p lies in a tree of level L attached at a puncture p ′ of some tree of level L − 1. In the latter case we have φ Γ (p) = φ Γ ′ (p ′ ). If q ′ denotes the negative puncture in the tree Γ ′ at which the tree ∆ is attached then the inductive assumption implies , q) ). Thus, since φ ∆ is stretching, with l = l(p, q),
By the definition of common ancestor
and if Γ is a broken tree then φ Γ satisfies the join equation (3.2).
Proof. Possible areas of trees of L with one positive puncture constitutes a finite set of numbers
Let M j denote the compactification of the moduli space of trees of area ≤ α j . Pick a stretching function Γ → φ Γ for Γ ∈ M 1 . Assume inductively that we have defined a function M j → C k (S 1 , R) in such a way that there exists an ǫ > 0 with the following properties. In an ǫ-neighborhood of each broken tree the function satisfies the join equation. For Γ outside a 2ǫ-neighborhood of the boundary of M j the functions φ Γ are stretching. In the region between these neighborhoods, the inequality,
where the notation is as in Lemma 5.2, holds. We want to extend the function to M j+1 . Since the boundary of M j+1 consists of broken trees of area strictly smaller than α j+1 we define the map ∂M j+1 → C k (S 1 , R) by imposing the join equation in a small neighborhood of the boundary of M j+1 . Using Lemma 5.2 it is not hard to see that if ǫ > 0 is sufficiently small then we can extend this family to all of M j+1 respecting the above conditions on ǫ-neighborhood as well as on the 2ǫ-neighborhood and its complement. We obtain a function on M with properties as desired.
We view a function M → C k (S 1 , R) with properties as in Lemma 5.3 as a function into C k (S 1 , T * I) by identifying R with the fiber in T * I. Fix such a function and use it as a perturbation function for flow trees, see Subsection 3.4. Let ∆ a denote the corresponding differential on A(L × I).
Remark 5.4. By scaling, the total variation of any function φ Γ , Γ ∈ M can be assumed arbitrarily small. Lemma 5.5. Any rigid perturbed flow tree has only one level. The flow tree corresponding to the perturbed slice tree in that level is itself rigid and exactly one of its negative punctures lies at the 0-level, or the tree is entirely contained in {x 0 = ±1}.
Proof. This follows from the choice of abstract perturbation. Since it orders the negative punctures, at most one at a time can lie at the 0-level. The lemma is then an easy consequence of the dimension formula.
where Γ(1) = 0 and
. . .
Proof. It is easy to construct the rigid perturbed trees mentioned in Lemma 5.5, which give the second term in (5.3), as well as the flow lines of β c which give the first term in (5.3). Lemma 5.5 shows that there are no other rigid perturbed trees.
Let ∆ : A(L×I) → A(L×I) denote the differential on the contact homology algebra of the trace of the constant isotopy which arises from a geometric deformation.
Corollary 5.7. There exists a tame isomorphism between the algebras (A(L × I), ∆) and (A(L × I), ∆ a ).
Proof. Remark 4.11 shows that ∆ can be expressed as a differential ∆ g induced by a perturbation function and by collections of Morse functions on the Reeb chord manifolds. Corollary 3.11 then shows that (A(L × I), ∆ a ) and (A(L × I), ∆ g ) are tame isomorphic.
Decomposing isotopies and differentials
In this section we first discuss how to subdivide a Legendrian isotopy into pieces in such a way that each piece corresponds either to a sufficiently good approximation of a constant isotopy or to a move isotopy which is constant except in a small region where it has one of several standard forms. The computations of Section 5 allow us to describe the DGA of the trace of the almost constant isotopy, see Subsection 6.1. Slight extensions of these computations allow us to describe the DGAs of traces of move isotopies as well, see Subsections 6.2 and 6.3. 6.1. The trace of an almost constant isotopy. Let L ⊂ J 1 (R) be a generic Legendrian submanifold. Let L t , −1 ≤ t ≤ 1 be an isotopy of L = L 0 and let Φ(L × I) be the trace of L t with standard ends. Let Ψ : J 1 (R × I) → J 1 (R × I) be the perturbation which makes the trace L × I of the constant isotopy generic with respect to flow trees. Lemma 6.1. There exists ǫ = ǫ(L) > 0 such that if the isotopy L t is contained in a the C 2 ǫ-neighborhood of the constant isotopy then the contact homology algebra of Ψ(Φ(L × I)) and that of Ψ(L × I) are canonically isomorphic.
Proof. Assume not. Then there exists a sequence of isotopy traces Φ j : L × I → J 1 (R × I), j = 1, 2, . . . such that the space of rigid flow trees of Ψ(Φ j (L × I)) and that of Ψ(L × I) are non-isomorphic and such that Φ j → id as j → ∞. By the compactness properties of the space of flow trees, this contradicts the flow trees of Ψ(L × I) being transversely cut out .
Let L t , 0 ≤ t ≤ 1 be a Legendrian isotopy. It is well known that we may deform this isotopy into an isotopy with the property that L t is a generic Legendrian submanifold for t = t j where 0 < t 1 < · · · < t m < 1 is a finite collection of instances and such that around every t j the isotopy is constant outside a small disk and inside this disk the Legendrian undergoes one of the following standard moves. We call such an isotopy an isotopy with standard moves. Concatenation of the almost constant isotopies of an isotopy without moves then gives an expression for the differential of the trace of the total isotopy. 6.2. Front moves. In this subsection we study moves (F1)-(F3). In fact, none of these moves change the differential from that of the trace of the constant isotopy. Proof. We parametrize the trace by keeping the isotopy constant on x 0 ∈ [−1, Proof. As in the proof of Lemma 6.3 it is straightforward to find a 1-1 correspondence between rigid flow trees of the trace of the constant isotopy and the trace of the isotopy of the move. To see this, use the cotangent lift of the trees and the fact that the Lagrangian projection of the trace of an (F2)-isotopy is qualitatively indistinguishable from that of the constant isotopy.
Lemma 6.5. The DGA of the trace of an (F3)-move is identical to the DGA of the trace of an almost constant isotopy, see (6.1).
Proof. The same argument as in the proof of Lemma 6.4 applies.
6.3. Lagrangian moves. In this subsection we study the moves (L1)-(L3). To this end we will append the move isotopy to one end of a constant isotopy. As in Subsection 3.4 our computation uses abstract perturbations. That is, we use perturbed flow trees in our computations. The argument which shows that this computation gives a DGA which is tame isomorphic to the DGA which arises from a geometric perturbation is almost identical to the proof of Lemma 3.10 and Corollary 3.11 and will not be repeated. Let L −1 and L +1 be Legendrian submanifolds of
for the induced homomorphism, j = 1, 2, 3, see [15] . Furthermore we write ∂ ± for the differential on A(L ±1 ) and if φ :
We first consider the simpler cases of (L1) and (L2) where the abstract perturbations and the move region can be taken disjoint. We let the move happen inside a box of the form
Inside this box we can draw the flow explicitly and from that information compute the differential. Lemma 6.6. The differential ∆ of the trace of a move isotopy of type (L1) satisfies
Proof. We chose abstract perturbations of the same form as in Subsection 3.4 and we use a cut-off function supported above the move region. As there, we find that as η → 0 outside the move region any sequence of trees converges to a generalized tree. In particular, any rigid flow tree has all its limit slice trees near Proof. The proof is very similar to the proof of Lemma 6.6. We use abstract perturbations supported outside the move box. The move is depicted in Figure 7 and the corresponding flow box in Figure 8 . It follows that Proof. To prove this result we use an abstract perturbation of the kind discussed in Section 5, which orders the punctures according to their natural boundary ordering. This time we let the perturbation of the horizontal trees be cut-off only after the flow box of the move. This flow box is depicted in Figure 9 . Our choice of perturbation guarantees that the flow lines of a generalized perturbed tree hits the a-flow line in the order they appear on the boundary. The formula for the differential follows. Figure 10 . The mapping cone of a DGA morphism
Algebraic treatment of concatenation and of homotopy of isotopies
In this section we first show that the DGAs of traces, after destabilization and tame isomorphisms have certain naturality properties with respect to concatenation. Together with the results of Section 6 this leads to a proof of Theorem 1.1. Second we show that the contact homology of the trace of an isotopy depends only on the chain homotopy type of the contact homology morphism induced by the isotopy. Geometrically, such a chain homotopy corresponds to a homotopy of isotopies.
7.1. Concatenation and the proof of Theorem 1.1. Let (A ± , ∂ ± ) be a DGA with a finite set of generators g(A ± ) and let ϕ : A − → A + be a DGA morphism. Let the non-commutative algebra C ϕ be generated by the following:
• a generator a ± for each a ± ∈ g(A ± ), with grading |a ± | as in A ± , • a generatorâ for each a − ∈ g(A − ), with grading |â| = |a − | + 1. There are obvious embeddings (algebra monomorphisms) ι ± : A ± → C ϕ defined (on generators) by ι ± (a ± ) = a ± , see Figure 10 .
We define a map ∆ ϕ : C ϕ → C ϕ as follows on generators
and extend it to all of C ϕ by the Leibniz rule. Here Γ ϕ : A − → C ϕ is defined as follows. On generators a − of A − , Γ ϕ (a − ) =â and for products uv ∈ A − ,
The (ι − , ι + • ϕ)-derivation Γ ϕ increases grading by 1 and consequently ∆ ϕ decreases grading by 1.
Since ∂ ± also satisfies the Leibniz rule, it follows that ∆ ϕ ι ± (u ± ) = ι ± (∂ ± u ± ) for all u ± ∈ A ± . In other words, ι ± will be DGA morphisms once we show that (C ϕ , ∆ ϕ ) is a DGA. To establish that we must show that ∆ 2 ϕ = 0 and it is enough to prove this for generators of C ϕ . For generators a ± this is trivial and for generatorsâ, it follows from the following lemma.
In particular ∆ 2 ϕâ = 0 for any generatorâ. Proof. If a − is a generator of A − , then
For the second statement, note that ∆ 2 ϕâ = D(∂ − a). We call the DGA (C ϕ , ∆ ϕ ) the mapping cone of the chain map ϕ : A − → A + . The proof of the main theorem of this section relies on the following result which is often used in the subject of contact homology. For a proof see [3] . Theorem 7.2. Let A = T (q 1 , q 2 , . . . , q m , a, b) and A ′ = T (q 1 , q 2 , . . . , q m ) be DGAs freely generated by the indicated generators with differentials ∂ and ∂ ′ , respectively, which decrease grading by one and which satisfy the Leibniz rule. Assume that A and A ′ come equipped with height filtrations, that is that there exists an ordering of the generators c ∈ {q 1 , . . . , q m , a, b} of A with the following property. For each c, the expression ∂c (∂ ′ c) is a polynomial of other generators of A (of A ′ ) in which all generators is of smaller height than c. Assume that ∂a = b + v. Define the projection τ : A → A ′ by τ (q j ) = q j , 1 ≤ j ≤ m, τ (a) = 0, and τ (b) = v. Extend τ to a grading preserving algebra homomorphism and suppose it is a chain map. Then, the DGAs (A, ∂) and (A ′ , ∂ ′ ) are stable tame isomorphic. In particular they have isomorphic homologies.
Let now (A 1 , ∂ 1 ), (A 2 , ∂ 2 ), and (A 3 , ∂ 3 ) be filtered DGAs with α : A 1 → A 2 and β : A 2 → A 3 DGA morphisms between them (see Figure 11) . Let (C α , ∆ α ) be the mapping cone of α and (C β , ∆ β ) be the mapping cone of β. Define the algebra B by taking the disjoint union of C α and C β and identifying for each generator b of A 2 , the corresponding generator b ∈ C α with b ∈ C β . This is the algebraic version of To finish the proof we use the following: for all b ∈ A 2 ⊂ B,
To see this, note that
Here, each monomial of Γ β (∂ 2 b i ) contains ab j -factor for some i + 1 ≤ j ≤ k, thus one of the remaining projections will annihilate it, and β(b i ) is in A 3 and is therefore fixed by all projections. We claim that (B k , ∆ k ) is isomorphic to the mapping cone (C βα , ∆ βα ). Their sets of generators agree and the differentials for generators a ∈ A 1 and c ∈ A 3 are obviously the same. For any generator a ∈ A 1 ,
To see that the last equality holds, note that each summand of Γ α (∂ 1 a) is a threefold product of an element of A 1 (possibly 1), anâ-generator (these are all fixed by projections) and the α-image of an element of A 1 , note that projections are algebra homomorphisms and use (7.2).
Proof of Theorem 1. 
Consider the mapping cone DGAs (C φ , ∆ φ ) and (C ψ , ∆ ψ ). Define the map Γ K : A + → C ψ to equal zero on constants and on linear monomials and by the following expression for monomials b 1 . . . b r of length r ≥ 2
Lemma 7.4. The algebra map F : (C φ , ∆ φ ) → (C ψ , ∆ ψ ) defined on generators as follows
is a (tame) chain isomorphism. That is,
Proof. For simpler notation we write C φ = A = C ψ and consider this as one algebra with two differentials and in order to facilitate computations we introduce the following notation. Let H : A + → A and θ : A + → A be maps. Then define the map Ω H θ : A + → A as follows on monomials
We compute
We note that the monomials in (7.3) and (7.4) are of two types: monomials which are constant inÂ + -generators and monomials which are linear inÂ + -generators. We first show that the monomials of the former kind cancels between the two equations.
The contribution from (7.3) to monomials of the first kind is c + φ(c) + Ω K φ (∂ + c) and the contribution from (7.4) is
where w 0 denotes the term in an element which is constant in theÂ + -generators. Thus, if we show that . . b r is any monomial in ∂ + c then its contribution to the left hand side of (7.5) is exactly
and (7.5) follows. We next consider monomials linear inÂ + -generators contributing to (7.3) and (7.4). To this end we define the maps A, B, C, D : A + → A as follows on monomials.
if s ≥ 2 and 0 otherwise.
We have
(To see this one subdivides contributing monomials as follows. Let b 1 . . . b s be a monomial in ∂ + c. The first term corresponds to theÂ + -variable and the K-variable both located in a ∂b j -monomial for some j. The second term corresponds to theÂ + -variable in a ∂b j -monomial and the K-variable outside. The third term corresponds to theÂ + -variable outside a ∂ + b j -monomial and the variable on which the ∂ + -operator acts being on the right of theÂ + -generator. The fourth term corresponds to theÂ + -variable outside a ∂ + b j -monomial and the variable on which the ∂ + -operator acts being on the left of theÂ + -generator.) Similarly, we have
where w 1 denotes the term of an element which is linear in theÂ + -generators. Consequently, the contribution of monomials of the second kind to the sum of (7.3) and The lemma follows.
Examples
The results of this paper allow us to construct many interesting Legendrian submanifolds. To illustrate this, we shall apply Theorem 1.1 to some of the loops of Legendrian knots discussed in [15] . In particular, we will concentrate on augmentations of the contact homology of the resulting Legendrian tori. Our examples give a proof of Theorem 1.2.
In any situation when the Legendrian L ⊂ J 1 (R), of Maslov class r = 0, only has Reeb chords of non-negative grading (and L is the base point of a closed loop that gives rise to the Legendrian torus Λ), the following observation applies. The "long In [15] , a natural loop is described in the space of braid-positive Legendrian knots. The (p, 2) torus knots are its simplest special case, when conjugating a single crossing from one end of the braid to the other already results in a closed loop. We will examine the cases p = 3 and p = 7.
Proof of Theorem 1.2 (a). The diagram of the loop for p = 3 is reprinted in Figure 12 . We recall from [15, Section 5] The crossings a 1 and a 2 are of index 1 and they are not cycles, so for the time being we only concern ourselves with their boundaries (see, for example, [15, Example 2.14]): Thus CH 0 is non-trivial. On the other hand because neither 0 nor 1 is a root of the relation, this contact homology cannot be augmented. (Indeed, the five augmentations of the trefoil are permuted in a single cycle by µ, so none of them is fixed.)
Proof of Theorem 1.2 (b). Let p = 7 for the knots considered above. For convenience we introduce terminology that applies for any odd number p. The loop is the same as in Figure 12 except that there are p − 3 more index 0 crossings b 4 , . . . , b p that, just like b 2 and b 3 , are essentially unaffected by the monodromy (they simply get re-labeled at the end). They do however influence ∂a 1 and ∂a 2 as follows: Here, (8.3) and (8.4) follow directly from the formulas already given, but (8.5) needs explanation. First, we need to understand µ(a 1 ) and µ(a 2 ). The key to this is [15, Remark 3.4] and the second diagram in Figure 12 . Note that there exist no admissible disks there with a positive corner at a 1 and a negative corner at the newly created c. Thus the image of a 1 is itself in this step, and it isn't affected later either, except for re-labeling to µ(a 1 ) = a 2 at the end. There are, however, admissible disks from a 2 to c. With their contributions, the image of a 2 is a 2 + B 21 d. are sums of an odd number of terms (13, to be exact). To compute the contributions from the Γ µ (∂a i ) terms, note that it is essentially the same task as the linearization of ∆a i = ∂a i : each monomial contributes the sum of its terms to the latter, and the sum of the hat equivalents of its terms to the former. Now it is straightforward to compute that the homology of this complex has rank 1 in gradings 1 and 2 and rank 0 everywhere else. This is identical to the linearized contact homology of the standard torus that is the trace of the constant isotopy of the unknot. (The latter has single generators in gradings 1 and 2 and a trivial differential, hence 0 is its only augmentation.) Yet, the torus derived from the (7, 2) torus knot is different since its CH 0 , given by (8.2), is non-trivial.
